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ABSTRACT - In this paper, a mathematical model of a typical rack and pinion hydraulic
power steering system is briefly introduced. Numerical analysis is then conducted to obtain
the natural frequencies, the mode shapes and the time domain responses of the power steering
system. A test rig is designed and built to verify the mathematical model. The test facility can
adjust the loads of the two front tires to simulate the different operating environments. The
pressure fluctuation of the working fluid in the feeding pipes and the acceleration of the front
wheel are measured. The nurnerieal results agree well with those obtained from experiment.
TECHNICAL PAPER-
INTRODUCTION
The main components of a typical hydraulic power rack and pinion steering system include a
steering wheel, input shaft, rotary spool valve, rack and pinion gear, pump, hydraulic
cylinder, hydraulic hoses, tie rod linkages, wheels and tyres. During a steering process, the
rotational displacement between the sleeve and spool of the rotary spool valve is generated by
the driver's steering input. This rotational displacement regulates high pressure fluid to one
side of the piston in the hydraulic cylinder and discharges the low pressure fluid from the
other side of the cylinder to the reservoir. The force from the rack and pinion gear, together
with the pressure difference between the two sides of the piston provides the assistant force to
turn the two front wheels.
Hydraulic power steering systems have many advantages, however there are unresolved noise
and vibration issues associated with the coupling between hydraulic and mechanical
components (I). Mathematical modelling and simulation are efficient tools for investigating
the vibration and noise issues, and improving the system performance. A number of power
steering system models have been reported by many researchers. Ferries and Arbanas (2)
developed a feedback control system model, and studied the response in frequency domain
using control theory. Simplified valve and hydraulic supply line mathematical models were
reported for investigating self-excited vibration in steering systems (3). A mechanism model
(4) and a hydraulic hose and pipe model (5) were also used in various research activities on
hydraulic steering systems. However, these presented models have the deficiency in
accurately describing the dynamic coupling between the mechanical and hydraulic sub-
systems of a power steering system.
In parallel to simulation, experiment is also important to the steering system study. Many
steering system test rigs have been developed by researchers for different research tasks, such
as the components measuring testing or fatigue testing. However, most of those test rigs did
not focus on the interactions between the hydraulic and mechanical steering components and
therefore, could not simulate real operating conditions. The steering system testing on
vehicles was also conducted by car manufacturers, however these testings demanded high
cost and could only be done on particular steering systems and vehicles. In addition, the
limited space under the vehicle hood could limit the measuring and testing. Laboratory based
experiments, on the other hand, are more efficient if the real world operating conditions of
steering systems can be accurately simulated.
In this paper, In this paper, numerical analysis for obtaining the natural frequencies, the mode
shapes and the time domain responses of the power steering system is conducted using a
mathematical model. A test rig is designed and built to verify the mathematical model. The
pressure fluctuation of the working fluid in the feeding pipes and the acceleration of the front
wheel are measured. These measured system responses are compared with those obtained
from simulations. A brief conclusion is then provided in the end of the paper.
MATHEMATICAL MODEL OF HYDRAULIC POWER STEERING SYSTEM
Mechanical Subsystem
The mechanical and hydraulic subsystems of a steering system are modelled separately with
different methods and techniques. These two models are then integrated together the free and
forces vibration analysis of the dynamic system.
The mechanical subsystem of a hydraulic power steering system consists ofthe steering
wheel, steering column, torsional bar, pinion, rack, hydraulic cylinder, tie rods and the two
front wheels. They are modelled as lumped masses or mass moments of inertia that are
connected through springs and dampers. A 12-DOF system representing the mechanical
subsystem is then derived in the following form
(1)
where, e and x are the rotational and translational displacements, I and M denote the
moments of inertia and masses of the elements, respectively, C and K represent the damping
and stiffness coefficient matrices, T and F are the external torque and forces. The
mechanical ratios between pinion and rack, and between the translational displacement of tie
rods and the rotational displacement of the steering arms are considered in the formulation.
The stiffness coefficients were supplied by the manufacturer of the steering systems. The
system damping coefficients were assumed zero except the twist damping coefficient of the
tyre is taken as 25 Nm/rad, adopted from tyre model for steering system reported by Sharp
and Granger (4). The frictional forces are important parameters in the dynamics of the system,
and therefore the nonlinear frictional forces on the steering column, the kingpins, between
pinion and rack, between piston and hydraulic cylinder, and between tires and the ground are
included. In the numerical analysis, the nonlinear friction forces are represented as hyperbolic
tangent functions to reduce the "stiffness" of the numerical computation (4).
Hydraulic Subsystem
The key components of the hydraulic subsystem are the high pressure supply line and the
rotary spool valve. The supply line comprises three components, a steel tube connecting the
pump, a steel tube connecting the spool valve, and a hose between the two steel tubes. The
hose is made of wire braid and synthetic rubber. The distributed parameter model for fluid
pipes (6) and the transfer matrix method (7) are used to model the supply line. The dynamic
hydraulic responses of the supply line can be written as
(2)
where [p",Qpf and [~),Qsf are the pressure and flow rate of the pump and the pressure and
flow rate of the inlet of the spool valve, respectively. T, is the transfer matrix of the supply
line that is obtained by multiplying three individual transfer matrices of the hose and pipes of
the supply line.
The rotary spool valve used in this hydraulic power steering system can be modelled as a
four-way open centre valve, in which the fluid passes through four opening areas
simultaneously. During a steering process, two opening areas of the valve increase, at the
same time the other two opening areas decrease. Since the steering pump can be regarded as a
constant flow rate pump, the changes of the opening areas increase the pressure of the fluid in
the supply line. Consequently, the pressure difference between the two sides of the hydraulic
cylinder builds up. Based on the standard turbulent-flow orifice equation, Equations (3) and
(4) govern the rotary spool valve
(3)
(4)
where Qs is the supply flow rate, AI and A2 are the opening and closing areas of the orifices
of the valve respectively, p.~ and PI. are the pressure of supply flow and the pressure drop
across the load, and QL is the load flow rate. The steering oil in the hydraulic cylinder is
considered as compressible and is represented by
(5)
where Ap is the piston area, xp is the piston velocity, vh is the half-volume of the chamber
and fJ is the bulk modulus of the oil.
Matsunaga et al (3) showed that the return line and the lower pressure cylinder had very little
effect on the system vibration characteristics. This is supported by the experimental
investigation reported by Drew et al (8) that the return line impedance can be neglected if the
supply pressure exceeds about lObar. For simplicity, the return line is not included in this
steering system model.
The steering mechanical subsystem, the supply line and the rotary spool valve are integrated
together through the relative motion caused by the pressure difference between the two
chambers of the hydraulic cylinder. The couplings between the mechanical and hydraulic
components may cause vibrations under certain operating conditions. The twist angle of the
torsional bar linking directly to the valve opening angle is controlled by a driver with the
assistance provided by the hydraulic forces in the cylinder unit. The fluid flow rate and
pressure fluctuations in the supply line alters the operating pressure inside the hydraulic
cylinder, and therefore alters the external force ofthe mechanical subsystem, which induce
the vibration of the torsional bar.
HYDRAULIC POWER STEERING TEST RIG
In order to investigate the dynamics characteristics of hydraul ic power steering systems and
verify the mathematical steering system models, a steering system test rig was designed and
built. This low-cost test rig provides approximated real world operating conditions for
hydraulic power steering systems and can obtain the transient responses of the hydraulic
pressure of the fluid system. The test rig not only includes all the components of a typical rack
and pinion hydraulic power steering system, but also the front suspension system and the
front tyres. Therefore, the performance of the steering system can be tested in the
environment which incorporated all the dynamic components interactive with the steering
system. The interaction between the steering system and the front suspension can be clearly
observed and the fluid pressures in the feeding pipes of the system could be conveniently
measured. In addition, the test rig is made flexible and many steering components or systems
can be tested on the rig with minor modifications. The photo of the rig is shown in Figure 1.
Figure 1 Hydraulic power steering system test rig
A rig frame was designed and installed to support the front suspension system and the
steering system. An upper beam and a lower beam compressed the front suspensions to a
specified deflection. Two specially designed disks supporting the tyres were bolted on the
lower beam. By tightening the screws, the disks could be fixed on the beam and provide
higher friction force to the two tyres. Otherwise, the disks can be loosened to rotate with the
tyres-simulating the low friction ground. The upper and lower beams could be easily replaced
and the height of the disks could be adjusted. Therefore, if it is required, the other suspension
systems with different sizes can also be mounted on the test rig frame.
In real world applications, an engine drives the hydraulic pump of a steering system through
the drive belt. In this test rig, an electric motor was used to drive the pump through ajaw
coupling. Since the engine driven steering pump has variable output speeds, a frequency
controller was used in the test rig to adjust the rotational speed of the electric motor.
Two pressure sensors were respectively installed in the two feeding pipes of the hydraulic
power cylinder by two branch tees. The signals of the two sensors were sent to a six-channel
data recorder. In addition, an accelerometer is mounted on the front wheel to take the




Figure 2 Position of the accelerometer
SIMULA TION AND TESTING
Based on the mathematical model of the power steering system, the free vibration analysis of
the mechanical subsystem was carried out, and the natural frequencies and the corresponding
mode shapes are obtained.
As an example, Figure 3 shows one natural frequency, 21.45 Hz, of the mechanical subsystem
and the corresponding mode shape of this frequency. In the figure, the 12 points represent the
12 nodes of mechanical subsystem and the lengths ofthe vertical lines at the nodal points
show the normalized modal coefficients at this natural frequency. The symbol B represents
the angular displacement and x represents the translational displacement. The point Bsw
represents the angular displacement of steering wheel, the point Be is steering column, the
point B p is the pinion, the point x R is the rack, the points B FW-L and BFW-R are the left and
right front wheels (road wheels) respectively, the Bcp_L and Bcp_R are the angular
displacements of the contact patches of the front tires respectively, the xH is the hydraulic
cylinder, the Xv is the displacement of the front half of vehicle, and the XFW-L and x FW-lI are
the translational displacement of the two front wheels.
It can be found that the tyres and the contact patches of the tyres have the largest influence in
this natural frequency (21.45 Hz), and the signs of the model coefficients of the tyres and the
contact patches are opposite. This indicates that the twist of the tyres affects this vibration
mode. This mode has significant effect to the steering shudder because the vibration of the
tyres will be directly translated to the hydraulic piston through the tie rods and the rack.
The normalized mode shapes of 12 element model
fn=21.45Hz
BFW•R CP·R FW·R
Figure 3 One natural frequency and the mode shape of mechanical subsystem
The transient response of the fluid pressure in the steering system was also simulated using
the integrated dynamic model. The Runge-Kutta method is used in the numerical integration.
Figure 4 shows the working pressure of the steering system in the first two seconds after a
ramp torque was applied on the steering wheel. An evident steering shudder in the simulated
pressure is seen in the figure. The frequency of the shudder is about 21.13 Hz and close to the
natural frequency shown in Figure 3. The slight difference between the natural frequency
estimated from the simulated pressure and that computed from eigen-frequency analysis is
due to nonlinearity in the fluid system and damping of the mechanical system.
The experiment was conducted to verify the mathematical model with a similar steering input.
During the test, the disks for the tyres were fixed to provide the high friction force to the
tyres. This is to simulate the steering under parking operating condition. After the steering
wheel was quickly turned, the working pressure of the fluid system and the vibration of the
front wheel were recorded. Figure 5 shows the measured working pressure of the fluid
system. The frequency of the measured steering shudder was about 2 1.48 Hz and this agrees
well with those obtained from the free vibration analysis and simulation.
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Figure 4 Simulation of the working pressure of the steering system
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Figure 6 Testing data of accelerometer during steering shudder
Figure 6 illustrates the acceleration responses of the front wheel measured during the steering
test. The top plot of the figure is the signal of the accelerometer in time domain and the
bottom plot is the corresponding FFT (Fast Fourier Transform) result. According to the
figure, the main frequency component of the wheel is 19.5 Hz which is close to the natural
frequency analysis shown in Figure 3. It is believed that the 19.5 Hz frequency is related to
the twist effect of the front wheel and tyre and affects the steering shudder. The difference in
may be due to the high damping level for this vibration mode existing in the tyre. In addition,
other steer tests executed on the rig have found another important frequency (41.0 Hz), also
shown in Figure 6, is the local vibration frequency of the tyres. It has little effect on the
steering shudder.
CONCLUSION
A comprehensive mathematical model integrating the steering mechanical and hydraulic
components is briefly introduced for the investigation of the dynamic characteristics of a
hydraulic power steering system. A low-cost hydraulic power steering system test rig is
developed for validating the developed dynamic model. With the integrated steering system
model and the test rig, the simulations and the steering tests under the same operating
conditions are carried out and compared against each other. It was found that the vibration
frequency of the front wheels has significant effect to the steering shudder phenomenon. The
developed system model and test rig could be used to aid design and improvement of
hydraulic power steering systems.
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